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Abstract Based on the Kupershmidt deformation for any integrable bi-Hamiltonian
systems presented in [4], we propose the generalized Kupershmidt deformation
to construct new systems from integrable bi-Hamiltonian systems, which pro-
vides a nonholonomic perturbation of the bi-Hamiltonian systems. The general-
ized Kupershmidt deformation is conjectured to preserve integrability. The con-
jecture is verified in a few representative cases: KdV equation, Boussinesq equa-
tion, Jaulent-Miodek equation and Camassa-Holm equation. For these specific
cases, we present a general procedure to convert the generalized Kupershmidt
deformation into the integrable Rosochatius deformation of soliton equation
with self-consistent sources, then to transform it into a t-type bi-Hamiltonian
system. By using this generalized Kupershmidt deformation some new inte-
grable systems are derived. In fact, this generalized Kupershmidt deformation
also provides a new method to construct the integrable Rosochatius deformation
of soliton equation with self-consistent sources.
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1
1 Introduction
It is known that one can construct a new integrable system starting from a
bi-Hamiltonian system. Fuchssteiner and Fokas showed [1] that compatible
symplectic structures lead in natural way to hereditary symmetries, which pro-
vides a method to construct a hierarchy of exactly solvable evolution equations.
Olver and Rosenau [2] demonstrated that most integrable bi-Hamiltonian sys-
tems are governed by a compatible trio of Hamiltonian structures, and their
recombination leads to integrable hierarchies of nonlinear equations.
Recently for the following KdV6 equation or nonholonomic deformation of
KdV equation derived in [3]
ut = uxxx + 6uux − ωx, (1a)
ωxxx + 4uωx + 2uxω = 0, (1b)
Kupershmidt found [4] that (1) can be converted into
ut = B1(
δH3
δu
)−B1(ω), (2a)
B2(ω) = 0, (2b)
where
B1 = ∂ = ∂x, B2 = ∂
3 + 2(u∂ + ∂u) (3)
are the two standard Hamiltonian operators of the KdV hierarchy and H3 =
u3 −
u2x
2 . In general, for a bi-Hamiltonian system
utn = B1(
δHn+1
δu
) = B2(
δHn
δu
), (4)
the ansatz (2) provides a nonholonomic deformation of bi-Hamiltonian systems[4]:
utn = B1(
δHn+1
δu
)−B1(ω),
B2(ω) = 0 (5)
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which is called as Kupershmidt deformation of bi-Hamiltonian systems. This
deformation is conjectured to preserve integrability and the conjecture is verified
in a few representative cases in [4].
In [5], we showed that the Kupershmidt deformation (2) of KdV equation
is equivalent to the integrable Rosochatius deformation of KdV equation with
self-consistent sources, and constructed the bi-Hamiltonian structure for the
Kupershmidt deformation of KdV equation (2). The conjecture is then proved
in [6] that the Kupershmidt deformation of a bi-Hamiltonian system is itself
bi-Hamiltonian.
Rosochatius found that it would still keep the integrability to add a po-
tential of the sum of inverse squares of the coordinates to that of the Neu-
mann system[7]. The deformed system is called as Neumann-Rosochatius sys-
tem. Then the Rosochatius deformation of Garnier system, Jacobi system and
many constrained flows of soliton equations were constructed in [8, 9, 10]. This
Rosochatius-type integrable systems have important physical applications[11,
12, 13]. However, these Rosochatius deformations are limited to few finite-
dimensional integrable Hamiltonian systems(FDIHS). Recently, in[14] we pro-
posed a systematic method for generalizing the integrable Rosochatius deforma-
tion for FDIHS to integrable Rosochatius deformation for infinite-dimensional
integrable equations. Many integrable Rosochatius deformations of soliton equa-
tions with self-consistent sources and their Lax representations were presented
in [14, 15].
In present paper, based on the Kupershmidt deformation (5), we propose the
generalized Kupershmidt deformation (GKD) to construct new systems from in-
tegrable bi-Hamiltonian systems which provides a nonholonomic perturbation
of the bi-Hamiltonian systems. The generalized Kupershmidt deformation is
conjectured to preserve integrability. Although it is difficult to prove the inte-
grability in general, the conjecture can be verified in many specific cases. Using
KdV equation, Boussinesq equation, Jaulent-Miodek equation and Camassa-
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Holm equation as examples, we present a general procedure to show how to
convert these generalized Kupershmidt deformations into the Rosochatius de-
formations of soliton equations with self-consistent sources. These Rosochatius
deformations of soliton equations with self-consistent sources possess the Lax
representations, which are easy constructed by using the systematic method in
[14, 15], and their stationary equations can be shown to be finite-dimensional in-
tegrable Hamiltonian systems in the Liouville’s sense [14, 15, 16]. Furthermore,
for the specific Rosochatius deformations of soliton equations with self-consistent
sources there is a general procedure to transform it into a t-type bi-Hamiltonian
system by introducing the Jacobi-Ostrogradiski coordinates and taking the spa-
cial variable x as the evolution parameter according to[17, 18, 19, 20, 5]. These
facts imply the integrability of the Rosochatius deformations of soliton equations
with self-consistent sources. Indeed the generalized Kupershmidt deformation
also provides a new method for obtaining the Rosochatius deformation of soliton
equation with self-consistent sources, which is quite different from the method
presented in [14, 15].
In section 2, we propose the the generalized Kupershmidt deformation (GKD)
of bi-Hamiltonian system, by using GKD of KdV hierarchy to illustrate the for-
mulae. Section 3 is devoted to a new integrable system obtained from the GKD
of Camassa-Holm equation and shows how to transform the GKD of Camassa-
Holm equation into the integrable Rosochatius deformation of Camassa-Holm
equation with self-consistent sources. Section 4 treats the GKD of Boussinesq
equation. The last section presents the GKD of Jaulent-Miodek hierarchy,
and demonstrate how to convert the GKD of a integrable system into a bi-
Hamiltonian system with t−type Hamiltonian operator by taking x as evolution
parameter and t as ’spatial’ variable.
4
2 The generalized Kupershmidt deformation of
bi-Hamiltonian systems
Consider a hierarchy of soliton equations with bi-Hamiltonian structure
utn = B1(
δHn+1
δu
) = B2(
δHn
δu
), (6)
where B1 and B2 are two standard Hamiltonian operators. The associated
spectral problem reads
L(u)φ = λφ. (7)
For the eigenvalue λ, it is easy to find that the variational derivative of λ
δλ
δu
= f(ϕ).
Assume that λj , j = 1, ...N are N distinct real eigenvalues of (7), we have
Lϕj = λjϕj , j = 1, 2, · · · , N,
and we denote
δλj
δu
=
δλ
δu
|λ=λj = f(ϕj).
Based on the Kupershmidt deformation (5), we first generalize Kupershmidt
deformation as follows
utn = B1(
δHn+1
δu
)−B1(
N∑
j=1
ωj), (8a)
(B2 − αjB1)(ωj) = 0, j = 1, 2, · · · , N, (8b)
where αj are arbitrary constants, which also gives rise to a nonholonomic de-
formation of bi-Hamiltonian systems (6) similar to the integrable KdV6’s type
noholonomic deformation of soliton equations (6). So (8) provides a way to con-
struct new systems from the bi-Hamiltonian systems (6). Furthermore, observe
that ωj in (8a) are at the same position as
δHn+1
δu
, and the eigenvalues λj are
also the conserved quantities for (6) as Hn, it is reasonable to take ωj =
δλj
δu
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and this setting is compatible with (8b). So we finally propose the generalized
Kupershmidt deformation for a bi-Hamiltonian systems as follows
utn = B1(
δHn+1
δu
−
N∑
j=1
δλj
δu
), (9a)
(B2 − αjB1)(
δλj
δu
) = 0, j = 1, 2, · · · , N. (9b)
As the conjecture made in [4], it is reasonable to conjecture the integrability
of the new system (9). It seems that it is difficult to prove the integrability
in general. However it can be verified in many specific cases. Using KdV
equation, Boussinesq equation, Jaulent-Miodek equation and Camassa-Holm
equation as examples, we will proceed to the general procedure to convert these
generalized Kupershmidt deformations into the Rosochatius deformations of
soliton equations with self-consistent sources. By using the systematic method
in [14, 15], it is easy to construct the Lax representation for these Rosochatius
deformations of soliton equations with self-consistent sources, and to show their
stationary equations to be finite-dimensional integrable Hamiltonian systems
in the Liouville’s sense [14, 15]. Furthermore, following the method proposed
in [17, 18, 19, 20], we have presented a general procedure to transform the
Rosochatius deformations of soliton equations with self-consistent sources into
a bi-Hamiltonian system by introducing the Jacobi-Ostrogradiski coordinates
and taking the spacial variable x as the evolution parameter in [5]. We will
use the GKD of Jaulent-Miodek equation to illustrate the general constructure.
These facts imply the integrability of the generalized Kupershmidt deformation
of soliton equation. So the deformation (8) and (9) provides a way to construct
new integrable systems from integrable bi-Hamiltonian systems and to establish
the integrable Rosochatius deformation of soliton equation with self-consistent
sources in different way from that in [14, 15].
We now use the KdV hierarchy to illustrate the procedure. Consider the
6
Schro¨dinger eigenvalue problem
φxx + (u− λ)φ = 0, (10)
the associated KdV hierarchy read
utn = B1(
δHn+1
δu
) = B2(
δHn
δu
), n = 1, 2, · · · (11)
where
B1 = ∂ = ∂x, B2 = ∂
3 + 2(u∂ + ∂u)
Hn+1 =
∫
bn+1dx, bn+1 = −
2
2n+ 1
Rnu, R = −
1
4
∂2 − u+
1
2
∂−1ux.
It is easy to find that
δλ
δu
= ϕ2.
For N distinct eigenvalues λj , consider the spectral problem
ϕjxx + (u − λj)ϕj = 0, j = 1, 2, · · · , N.
We have
δλj
δu
= ϕ2j .
For n = 2, αj = λj , (8) gives rise to the following new integrable generalized
KdV6 equation
ut = uxxx + 6uux −
N∑
j=1
ωjx, (12a)
ωjxxx + 4uωjx + 2uxωj − λjωjx = 0, j = 1, 2, · · · , N. (12b)
(9b) yields
2ϕj[ϕjxx + (u − λj)ϕj ]x + 6ϕjx[ϕjxx + (u− λj)ϕj ] = 0,
which immediately gives rise to
ϕjxx + (u− λj)ϕj =
µj
ϕ3j
,
7
where µj , j = 1, 2, · · · , N are integral constants. When n = 2, αj = λj ,(9) gives
rise to the following generalized Kupershmidt deformation of KdV equation
ut =
1
4
(uxxx + 6uux)−
N∑
j=1
(ϕ2j )x, (13a)
ϕjxx + (u− λj)ϕj =
µj
ϕ3j
, j = 1, 2, · · · , N (13b)
which is just the integrable Rosochatius deformation of KdV equation with
self-consistent sources (RD-KdVHSCS) presented in [14]. When µj = 0, j =
1, · · · , N, (13) reduces to the KdV equation with self-consistent sources[21]. The
Lax pair for (13) was constructed by a systematic method in [14]

 ψ1
ψ2


x
= U

 ψ1
ψ2

 , U =

 0 1
λ− u 0

 , (14a)

 ψ1
ψ2


t
= V

 ψ1
ψ2

 ,
V =


−ux4 −λ+
u
2
−λ2 − u2λ−
uxx
4 −
u2
2 +
1
2
N∑
j=1
ϕ2j
ux
4


−
1
2
N∑
j=1
1
λ− λj

 ϕjϕjx −ϕ2j
ϕ2jx +
µj
ϕ2
j
−ϕjϕjx

 . (14b)
The stationary equation of (13) reduces to the generalized integrable He´non-
Heiles system [14]. The bi-Hamiltonian structure for (13)was presented in [5]
3 The new integrable system obtained from the
Camassa-Holm equation
The Camassa-Holm (CH) equation [1, 22, 23] read
mt = B1
δH1
δu
= B2
δH0
δu
= −2uxm− umx, m = u− uxx + ω (15)
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where
B1 = −∂ + ∂
3, B2 = m∂ + ∂m
are the two standard Hamiltonian operators of the CH equation and
H0 =
1
2
∫
(u2 + u2x)dx, H1 =
1
2
∫
(u3 + uu2x)dx.
The Lax pair for CH equation is
φxx = (
1
4
−
1
2
mλ)φ, (16a)
φt =
1
2
uxφ− (
1
λ
+ u)φx. (16b)
For N distinct real eigenvalues λj , consider the following spectral problem
ϕjxx =
1
4
ϕj −
1
2
mλjϕj , j = 1, 2, · · · , N. (17)
It is easy to find that
δλ
δm
= λϕ2,
δλj
δm
= λjϕ
2
j .
Then we obtain the following new nonholonomic deformation of the Camassa-
Holm equation from (8) with αj =
1
λj
mt = −2uxm− umx +
N∑
j=1
[ωjx − ωjxxx], (18a)
2mωjx +mxωj + λj [ωjx − ωjxxx] = 0, j = 1, 2, · · · , N. (18b)
Take αj =
1
λj
, Eq. (9) leads to the following generalized Kupershmidt defor-
mation of CH
mt = B1(
δH1
δm
−
N∑
j=1
1
λj
δλj
δm
) = −2uxm− umx +
N∑
j=1
[(ϕ2j )x − (ϕ
2
j )xxx], (19a)
(B2 −
1
λj
B1)(
1
λj
δλj
δm
) = 0, j = 1, 2, · · · , N. (19b)
Then (19b) yields
2ϕj(ϕjxx +
1
2
λjmϕj −
1
4
ϕj)x + 6ϕjx(ϕjxx +
1
2
λjmϕj −
1
4
ϕj) = 0
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which immediately gives rise to
ϕjxx =
1
4
ϕj −
1
2
mλjϕj +
µj
ϕ3j
.
So Eq. (19) gives a new integrable system
mt = −2uxm− umx +
N∑
j=1
[(ϕ2j )x − (ϕ
2
j )xxx], (20a)
ϕjxx =
1
4
ϕj −
1
2
mλjϕj +
µj
ϕ3j
, j = 1, 2, · · · , N (20b)
which lax pair can be found by using the method in [24]

 ψ1
ψ2


x
= U

 ψ1
ψ2

 , U =

 0 1
1
4 −
1
2λm 0

 (21a)

 ψ1
ψ2


t
= V

 ψ1
ψ2

 ,
V =

 ux2 − 1λ − u
u
4 −
1
4λ +
muλ
2 −
ux
2


−
N∑
j=1
λλj
λ− λj

 ϕjϕjx −ϕ2j
ϕ2jx +
µj
ϕ2
j
−ϕjϕjx

 (21b)
In fact Eq. (20) can also be regarded as the RD-CHESCS.
4 The generalized Kupershmidt deformation of
Boussinesq equation
For the following third-order eigenvalue problem[25]
Lφ = φxxx + vφx + (
1
2
vx + w)φ = λφ, (22)
the associated Boussinesq equation is

 v
w


t
= B1

 δH2δv
δH2
δw

 = B2

 δH1δv
δH1
δw

 =

 2wx
− 23vvx −
1
6wxxx

 , (23)
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where
B1 =

 0 ∂
∂ 0

 ,
B2 =
1
3

 2∂3 + 2v∂ + vx 3w∂ + 2wx
3w∂ + wx −
1
6 (∂
5 + 5v∂3 + 152 vx∂
2 + 92vxx∂ + 4v
2∂ + vxxx + 4vvx)


are the two standard Hamiltonian operators of the Boussinesq equation and
H1 =
∫
wdx, H2 =
∫
(
1
12
v2x −
1
9
v3 + w2)dx.
For N distinct real eigenvalues λj , consider the following spectral problem and
its adjoint spectral problem
ϕjxxx + vϕjx + (
1
2
vx + w)ϕj = λϕj , (24a)
ϕ∗jxxx + vϕ
∗
jx + (
1
2
vx − w)ϕ
∗
j = −λϕ
∗
j , j = 1, 2, · · · , N. (24b)
We have
δλj
δv
=
3
2
(ϕjxϕ
∗
j − ϕjϕ
∗
jx),
δλj
δw
= 3ϕjϕ
∗
j .
The generalized Kupershmidt deformed Boussinesq equation is given by (9) with
αj = λj as follows

 v
w


t
= B1(

 δH2δv
δH2
δw

−
N∑
j=1

 δλjδv
δλj
δw

), (25a)
(B2 − λjB1)

 δλjδv
δλj
δw

 = 0, j = 1, 2, · · · , N. (25b)
Set
fj = ϕjxxx + vϕjx + (
1
2
vx + w)ϕj − λjϕj ,
(B2 − λjB1)

 δλjδv
δλj
δw

 =

 Aj
Bj

 , j = 1, 2, · · · , N.
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Direct calculation gives
Aj =ϕ
∗
jfjx + 2ϕ
∗
jxfj − (2ϕ
∗
jxfj + ϕ
∗
jfjx)
∗, (26a)
which leads to
fj =
µj
ϕ∗2j
, f∗j = −
µj
ϕ2j
. (26b)
Using (26b), we get
Bj = −
1
3
(2vϕj+5ϕjxx)(f
∗
j +
µj
ϕ2j
)−
1
3
(2vϕ∗j+5ϕ
∗
jxx)(fj−
µj
ϕ∗2j
)−
5
6
ϕ∗jx(fj−
µj
ϕ∗2j
)x
−
5
6
ϕjx(f
∗
j +
µj
ϕ2j
)x −
1
6
ϕ∗j (fj −
µj
ϕ∗2j
)xx −
1
6
ϕj(f
∗
j +
µj
ϕ2j
)xx +
2µj
3ϕ3jϕ
∗3
j
[vϕ2jϕ
∗2
j (ϕ
∗
j − ϕj)− ϕ
∗3
j ϕ
2
jx + ϕ
3
j(ϕ
∗2
jx − 2ϕ
∗
jϕ
∗
jxx) + 2ϕ
∗3
j ϕjϕjxx]
=
2µj
3ϕ3jϕ
∗3
j
[vϕ2jϕ
∗2
j (ϕ
∗
j −ϕj)−ϕ
∗3
j ϕ
2
jx+ϕ
3
j(ϕ
∗2
jx−2ϕ
∗
jϕ
∗
jxx)+2ϕ
∗3
j ϕjϕjxx], (27)
which yields to µj = 0. Thus, the generalized Kupershmidt deformed Boussinesq
equation (25) gives the following integrable system
vt = 2wx − 3
N∑
j=1
(ϕjϕ
∗
j )x, (28a)
wt = −
1
6
(4vvx + vxxx)−
3
2
(ϕjxxϕ
∗
j − ϕjϕ
∗
jxx), (28b)
ϕjxxx + vϕjx + (
1
2
vx + w)ϕj = λjϕj , (28c)
ϕ∗jxxx + vϕ
∗
jx + (
1
2
vx − w)ϕ
∗
j = −λjϕ
∗
j , j = 1, 2, · · · , N (28d)
which just is the Boussinesq equation with self-consistent sources and has the
following Lax representation [26]
Lt = [∂
2 +
2
3
v +
N∑
j=1
ϕj∂
−1ϕ∗j , L] (29a)
Lψ = (∂3 + v∂ +
1
2
vx + w)ψ = λψ, (29b)
ψt = (∂
2 +
2
3
v +
N∑
j=1
ϕj∂
−1ϕ∗j )ψ. (29c)
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5 The generalized Kupershmidt deformation of
Jaulent-Miodek equation and its bi-Hamiltonian
structure
5.1 The generalized Kupershmidt deformation of Jaulent-
Miodek equation
The JM eigenvalue problem reads[27]

 ψ1
ψ2


x
= U

 ψ1
ψ2

 , U =

 0 1
−λ2 + λq + r 0

 , (30)
the associated JM hierarchy is

 q
r


tn
= B1

 bn+2
bn+1

 = B1

 δHn+1δq
δHn+1
δr

 = B2

 δHnδq
δHn
δr


where
B1 =

 0 2∂
2∂ −qx − 2q∂

 , B2 =

 2∂ 0
0 rx + 2r∂ −
1
2∂
3

 ,

 bn+2
bn+1

 = L

 bn+1
bn

 , n = 1, 2, · · ·
b0 = b1 = 0, b2 = −1, Hn =
1
n− 1
(2bn+2 − qbn+1).
For N distinct real eigenvalues λj , from the spectral problem
ϕ1jx = ϕ2j , ϕ2jx = (−λ
2
j + λjq + r)ϕ1j
we have
δλj
δq
=
1
2
λjϕ
2
1j ,
δλj
δr
=
1
2
ϕ21j .
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Similarly, the generalized Kupershmidt deformation (9) with αj = λj for JM
hierarchy gives rise to

 q
r


tn
= B1(

 δHn+1δq
δHn+1
δr

+
N∑
j=1

 δλjδq
δλj
δr

), (31a)
(B2 − λjB1)

 δλjδq
δλj
δr

 = 0, j = 1, 2, · · · , N. (31b)
The first equation in (31b) is an identity and second one in (31b) yields
ϕ1j(ϕ1jxx−rϕ1j−λjqϕ1j+λ
2
jϕ1j)x+3ϕ1jx(ϕ1jxx−rϕ1j−λjqϕ1j+λ
2
jϕ1j) = 0
which, by setting ϕ2j = ϕ1jx, leads to
ϕ2jx = (−λ
2
j + λjq + r)ϕ1j +
µj
ϕ31j
, j = 1, 2, · · · , N.
Then the generalized Kupershmidt deformation with of JM equation (31) with
n = 3 gives rise to the following integrable system
qt = −rx −
3
2
qqx + 2
N∑
j=1
ϕ1jϕ2j , (32a)
rt =
1
4
qxxx − qxr −
1
2
qrx +
N∑
j=1
[2(λj − q)ϕ1jϕ2j −
1
2
qxϕ
2
1j ], (32b)
ϕ1jx = ϕ2j , ϕ2jx = (−λ
2
j + λjq + r)ϕ1j +
µj
ϕ31j
j = 1, 2, · · · , N (32c)
which just is the integrable RD-JMESCS and has the Lax representation (14a)
with [15]
U =

 0 1
−λ2 + λq + r 0

 ,
V =

 14qx −λ− 12q
λ3 − 12qλ
2 − (12q
2 + r)λ + 14qxx −
1
2qr −
1
4qx


+
1
2

 0 0
λ〈Φ1,Φ1〉 − 〈ΛΦ1,Φ1〉 − q〈Φ1,Φ1〉 0

+1
2
N∑
j=1
1
λ− λj

 φ1jφ2j −φ21j
φ22j +
µj
φ2
1j
−φ1jφ2j


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5.2 The bi-Hamiltonian structure of GKDJME
In the following, we will show how to construct the bi-Hamiltonian structure
for the generalized Kupershmidt deformation of a bi-Hamiltonian system. We
follow the method in [17]-[20] to construct the bi-Hamiltonian formalism with t−
type Hamiltonian operator for GKDJME by taking x as the evolution parameter
and t as the ’spatial’ variable. We denote the inner product in RN by 〈., .〉 and
Φi = (ϕi1, ϕi2, · · · , ϕiN )
T , i = 1, 2, µ = (µ1, · · · , µN)
T , Λ = diag(λ1, · · · , λN ).
Eq.(32) can be written as

 q
r


t
= B1

 18qxx − 34qr − 516q3 + 12 〈ΛΦ1,Φ1〉
− 12r −
3
8q
2 + 12 〈Φ1,Φ1〉

 (33a)
ϕ1jx = ϕ2j , ϕ2jx = −λ
2
jϕ1j + qλjϕ1j + rϕ1j +
µj
ϕ31j
. (33b)
Notices that Kernel of B1 is (c1 +
1
2qc2, c2)
T , we may rewrite (33a) as
1
8
qxx −
3
4
qr −
5
16
q3 +
1
2
〈ΛΦ1,Φ1〉 = c1 +
1
2
qc2, −
1
2
r −
3
8
q2 +
1
2
〈Φ1,Φ1〉 = c2
(34a)
c1x =
1
2
∂t(r +
1
4
q2), c2x =
1
2
∂tq. (34b)
By introducing
q1 = q, p1 = −
1
8
qx (35)
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Eqs. (33b) and (34b) give rise to the t-type Hamiltonian form
Rx = G1
δF1
δR
, (36a)
where
R = (ΦT1 , q1,Φ
T
2 , p1, c1, c2)
T ,
F1 = −4p
2
1 −
1
16
q41 −
1
2
q21c2 + q1c1 − c
2
2 +
3
8
q21〈Φ1,Φ1〉 −
1
2
q1〈ΛΦ1,Φ1〉
+
1
2
〈Φ2,Φ2〉+
1
2
〈Λ2Φ1,Φ1〉+ c2〈Φ1,Φ1〉 −
1
4
N∑
j=1
ϕ41j +
1
2
N∑
j=1
µj
ϕ21j
,
(36b)
and the t− type Hamiltonian operator G1 is given by
G1 =


0 I(N+1)×(N+1) 0 0
−I(N+1)×(N+1) 0 0 0
0 0 0 12∂t
0 0 12∂t 0


. (36c)
The modified Jaulent-Miodek (MJM) eigenvalue problem reads [28]

 ψ˜1
ψ˜2


x
= U˜(u˜, λ)

 ψ˜1
ψ˜2

 , U˜ =

 −r˜ λ
−λ+ q˜ r˜

 , u˜ =

 r˜
q˜

 (37)
the associated MJM equation is of the form
u˜t =

 r˜
q˜


t
=

 − 14 q˜xx − 12 (q˜r˜)x
−2r˜r˜x −
3
2 q˜q˜x + r˜xx

 = B˜1 δH˜2
δu˜
where B˜1 =

 12∂ 0
0 2∂

 , H˜2 = − 12 q˜xr˜ − 12 q˜r˜2 − 18 q˜3.
We have
δλ
δu˜
=

 ϕ˜1ϕ˜2
1
2 ϕ˜
2
1


Then the Rosochatius deformation of MJM equation with self-consistent sources
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(RD-MJMSCS) is defined as

 r˜
q˜


t
= B˜1(
δH˜2
δu˜
+
δλ
δu˜
) = B˜1

 − 12 q˜x − q˜r˜ + 〈Φ˜1, Φ˜2〉
− 12 r˜
2 − 38 q˜
2 + 12 r˜x +
1
2 〈Φ˜1, Φ˜1〉

 (38a)
ϕ˜1jx = −r˜ϕ˜1j + λjϕ˜2j , ϕ˜2jx = −λjϕ˜1j + q˜ϕ˜1j + r˜ϕ˜2j +
µj
λj ϕ˜
3
1j
. (38b)
Since the Kernel of B˜1 is (c˜1, c˜2)
T , let
−
1
2
q˜x − q˜r˜ + 〈Φ˜1, Φ˜2〉 = c˜1, −
1
2
r˜2 −
3
8
q˜2 +
1
2
r˜x +
1
2
〈Φ˜1, Φ˜1〉 = c˜2,
q˜1 = q˜, p˜1 = −
1
2
r˜, R˜ = (Φ˜T1 , q˜1, Φ˜
T
2 , p˜1, c˜1, c˜2)
T ,
then RD-MJMSCS (38) can be written as a t-type Hamiltonian system
R˜x = G˜1
δF˜1
δR˜
(39a)
where
F˜1 = −2p˜1c˜1 + q˜1c˜2 + 2p˜
2
1q˜1 +
1
8
q˜31 + 2p˜1〈Φ˜1, Φ˜2〉 −
1
2
q˜1〈Φ˜1, Φ˜1〉
+
1
2
〈ΛΦ˜2, Φ˜2〉+
1
2
〈ΛΦ˜1, Φ˜1〉+
N∑
j=1
µj
2λjϕ˜21j
, (39b)
G1 =


0 I(N+1)×(N+1) 0 0
−I(N+1)×(N+1) 0 0 0
0 0 2∂t 0
0 0 0 12∂t


. (39c)
The Miura map relating systems (36) and (39), i.e. R =M(R˜), is given by
Φ1 = Φ˜1, Φ2 = ΛΦ˜2 + 2p˜1Φ˜1, (40a)
q1 = q˜1, p1 = −
1
2
q˜1p˜1 −
1
4
〈Φ˜1, Φ˜2〉+
1
4
c˜1, (40b)
c1 =
1
2
F˜1 + ∂tp˜1, c2 = c˜2. (40c)
Denote
M ′ ≡
DR
DR˜T
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where DR
DR˜T
is the Jacobi matrix consisting of Frechet derivative of M , M
′
∗
denotes adjoint of M ′. According to the standard procedure[29], applying the
map M (40) to the first Hamiltonian structure of Eq.(39), we can generates the
second Hamiltonian structure of Eq.(36)
G2 =MG˜1M
∗ =


0 0 Λ − 14Φ1
1
2Φ2 0
0 0 2ΦT1 −
1
2q1 −4p1 − ∂t 0
−Λ 2Φ1 0
1
4Φ2 g35 0
1
4Φ
T
1
1
2q1 −
1
4Φ
T
2
1
8∂t g45 0
− 12Φ
T
2 4p1 − ∂t −g35 −g45 g55 ∂tq1
0 0 0 0 q1∂t 2∂t


(41)
where
g35 =
1
2
q1ΛΦ1 −
1
2
Λ2Φ1 −
3
8
q21Φ1 − c2Φ1 +
1
4
Φ1〈Φ1,Φ1〉+ (
µ1
ϕ31j
, · · · ,
µN
ϕ31N
)T
g45 = −
1
2
c1 +
1
4
〈ΛΦ1,Φ1〉 −
3
8
q1〈Φ1,Φ1〉+
1
2
q1c2 +
1
8
q31
g55 = ∂t(
1
4
〈Φ1,Φ1〉 −
1
2
c2) + (
1
4
〈Φ1,Φ1〉 −
1
2
c2)∂t −
1
4
q1∂tq1.
Thus we get the bi-Hamiltonian structure for Eq.(36a)-(36c)
Rx = G1
δF1
δR
= G2
δF0
δR
, F0 = 2c1. (42)
6 Conclusion
It is known that there were some methods to construct a new integrable sys-
tem starting from a bi-Hamiltonian system. The main purpose of this paper is
to propose the generalized Kupershmidt deformation (GKD) of bi-Hamiltonian
systems to construct new systems from integrable bi-Hamiltonian systems which
is conjectured to be integrable. We have not be able to prove the integrability
of the generalized Kupershmidt deformation of bi-Hamiltonian systems in gen-
eral. However, for many specific cases, such as for KdV equation, Boussinesq
18
equation, Jaulent-Miodek equation and Camassa-Holm equation, by using this
generalized Kupershmidt deformation some new integrable systems are derived
from integrable bi-Hamiltonian systems. We present a general procedure to
convert this generalized Kupershmidt deformation of the bi-Hamiltonian sys-
tems into an integrable Rosochatius deformation of soliton equation with self-
consistent sources, as well as to transform it into a t-type bi-Hamiltonian system.
These imply that the generalized Kupershmidt deformation of bi-Hamiltonian
systems provides a way to construct new integrable system from an integrable
bi-Hamiltonian systems. On other hand the generalized Kupershmidt deforma-
tion of bi-Hamiltonian systems also offers a new method to obtain the integrable
Rosochatius deformation of soliton equation with self-consistent sources, which
is quite different from the method used before. In the further we will continue
to study the integrability of the generalized Kupershmidt deformation of bi-
Hamiltonian systems in general. We believe that the method in [6] is helpful
for proving the bi-Hamiltonian structure of the generalized Kupershmidt defor-
mation.
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